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ON SUBNORMAL SUBGROUPS IN DIVISION RINGS
CONTAINING A NON-ABELIAN SOLVABLE SUBGROUP
BUI XUAN HAI AND MAI HOANG BIEN
Abstract. Let D be a division ring with center F and N a subnormal sub-
group of the multiplicative group D∗ of D. Assume that N contains a non-
abelian solvable subgroup. In this paper, we study the problem on the existence
of non-abelian free subgroups in N . In particular, we show that if either N
is algebraic over F or F is uncountable, then N contains a non-abelian free
subgroup.
1. Introduction
Let D be a division ring with center F and D∗ denotes the multiplicative group
of D. Among the classical results on solvable subgroups in division rings, we note
the earliest theorem due to L. K. Hua [15] which states that if D∗ is solvable,
then D is commutative. Since then, there are many works devoted to this subject.
In 1960, Huzubazar [16] showed that in division rings there are no non-central
locally nilpotent subnormal subgroups. Later, Stuth [19] proved that if a subnormal
subgroup G of D∗ is solvable, then G must be central, that is, G ⊆ F . Several
theorems of such a kind of other authors one can find, for example in [10, 11, 12, 13,
19] and in the references therein. This subject has close connection to the problem
on the existence of non-abelian free subgroups in division rings. For instance, in
[14, Theorem 2.2.1], it was proved that in the case when D is centrally finite, that
is, dimF D <∞, a subgroup G of D
∗ contains no non-abelian free subgroup if and
only if G contains a solvable normal subgroup of finite index. Our paper follows
this side. Namely, we establish some relations between the existence of non-abelian
solvable subgroups and non-abelian free subgroups in subnormal subgroups of D∗.
Note that this subject is not quite strange. Indeed, in [18, Theorem 2], Lichtman
showed that if a normal subgroup of D∗ contains a non-abelian nilpotent-by-finite
subgroup, then it contains a non-abelian free subgroup. These results were extended
in [8] for a normal subgroup of D∗ containing a non-abelian solvable subgroup with
some additional conditions. In this paper, we consider a subnormal subgroup of D∗
containing a non-abelian solvable subgroup instead of a normal subgroup containing
a non-abelian nilpotent-by-finite subgroup. In fact, assume that N is a subnormal
subgroup of D∗ containing a non-abelian solvable subgroup. We will prove that if
N is algebraic over F or the transcendence degree of F over its prime subfield P is
infinite, then N contains a non-abelian free subgroup (see theorems 4.1, 4.3 in the
text).
Key words and phrases. subnormal subgroups, free subgroup, solvable subgroup, division ring,
quotient division ring.
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The ideas of techniques of proofs in this paper are taken from [8], and they can
be shortly explained as the following: assume that N is a subnormal subgroup of
D∗ and G is a non-abelian solvable subgroup of N . Then, there exists a division
subring D1 of D which is isomorphic to the quotient division ring K(t, σ) of a skew
polynomial ring K[t, σ] in t over some subfield K with respect to an automorphism
field σ of K, and D1 ∩ N contains t. In some special cases, we may continue
to choose a division subring D2 of D1 such that D2 is isomorphic to the quotient
division ring L(x, y) of a polynomial ring L[x, y] in two commutating indeterminates
over a suitable division ring L. The construction of D1 and D2 will be presented
in Section 4 and with the above reason, in Section 2, we consider the existence of
non-abelian free subgroups of subnormal subgroups in the quotient division ring of
a skew polynomial ring in one indeterminate over a field. In Section 3, our base
division ring is the quotient division ring D(x, y) of a polynomial ring D[x, y] in
two commuting indeterminates over a division ring D.
Remark that recently, the problem on the existence of free subobjects in the
quotient division rings of skew polynomial rings have been received a considerable
attention. For instance, the existence of free subalgebra in the quotient division
rings of Ore polynomial rings was studied in [2, 3, 4, 8] while in [6], Gonc¸alves
dealt with the existence of non-abelian free subgroups of a normal subgroup of the
quotient division ring of a certain skew polynomial ring. Hence, the next section of
the present paper is itself an interesting topic.
2. The existence of free subgroups in K(x, σ)
Let G be a group. If a, b ∈ G, then we denote [1a, b] = aba
−1b−1 and [i+1a, b] =
[a, [ia, b]] for an integer i ≥ 1. The following lemma will be used in the next.
Lemma 2.1. Let G be a group, and assume that N is a subnormal subgroup of G
with a series of subgroups
N = Nn ⊳ Nn−1 ⊳ · · · ⊳ N0 = G.
If a ∈ N and b ∈ G, then [ia, b] ∈ Ni for every positive integer i. In particular,
[na, b] ∈ N .
Proof. The proof is simple by induction on i. 
Let R be a ring and σ : R→ R an endomorphism of R. A skew polynomial ring
in an indeterminate x over R corresponding to σ, denoted by R[x, σ], is defined as
the following:
As a set, R[x, σ] consists of all polynomials in an indeterminate x with coefficients
taken from R, that is,
R[x, σ] = {a0 + a1x+ · · ·+ anx
n | n ∈ N, ai ∈ R for every 1 ≤ i ≤ n}.
The addition in R[x, σ] is usual while polynomials are multiplied formally with the
rule xa = σ(a)x. If R = K is a field and σ is an automorphism, then K[x, σ] is a
PLID (principal left ideal domain) and also a PRID (principal right ideal domain),
that is, every one-sided ideal inK[x, σ] is generated by one element. In this case, we
denote by K(x, σ) the quotient division ring of K[x, σ]. Every element of K(x, σ)
has the form f(x)g−1(x), where f(x), g(x) ∈ K[x, σ].
In this section, we consider the existence of non-abelian free subgroup in a sub-
normal subgroup of K(x, σ) containing x. The recent results on the existence of
free subobject in K(x, σ) can be found in [2, 3, 4, 6].
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Lemma 2.2. Let K be a field, and σ an automorphism of K with fixed subfield
E = {a ∈ K | σ(a) = a}. If a ∈ K and E(σn(a) | n ∈ N) is infinitely generated,
then the set
S = {σi1(a)σi2 (a) · · ·σin(a) | n ≥ 1, 0 ≤ i1 < i2, · · · < in}
is linear independent over E.
Proof. Deny the conclusion, and let
µ∑
j=1
αjσ
i1,j (a)σi2,j (a) · · ·σin,j (a) = 0 for some
µ ∈ N and αj ∈ E. Assume that µ is the smallest integer satisfying such a rela-
tion, i.e., this relation is shortest. Put m = max{in,j | 1 ≤ j ≤ µ}. Then, this
dependence relation may be written in the form
sσm(a) + t = 0, where s, t ∈ E(σi(a) | i < m).
By the choice of µ, we have s 6= 0, which implies that
σm(a) = s−1t ∈ E(σi(a) | i ≤ m− 1).
As a corollary,
σm+1(a) = σ(σm(a)) ∈ E(σi(a) | i ≤ m)
= E(σi(a) | i ≤ m− 1)(σm(a)) ⊆ E(σi(a) | i ≤ m− 1).
Thus, E(σn(a) | n ∈ N) is finitely generated that contradicts to the hypothesis. 
Let K be a field, σ an automorphism of K and D = K(x, σ). Assume that
a ∈ K and N is a subnormal subgroup of D∗ containing x with the following series
of subgroups
N = Nn ⊳ Nn−1 ⊳ · · · ⊳ N0 = D
∗.
Without loss of generality, we can suppose that n ≥ 1 because if N = D∗, then we
can set N1 = N0 = D
∗. For the convenience, we denote a(i) = σi(a) for a ∈ D.
Consider the sets {yi = a
(i)x2n | 0 ≤ i < n} and {Ai = 1+ yi | 0 ≤ i < n}.
Lemma 2.3. With the assumption and the symbols as above, we have
(i) The element [nx,A0] belongs to the intersection between N and the subgroup
〈Ai | 0 ≤ i < n〉 of D
∗ generated by all Ai, 0 ≤ i < n. Also, its first and last factors
are An and A
−1
n−1 respectively.
(ii) The element [nx,A
−1
0 ] belongs to the intersection between N and the subgroup
〈Ai | 0 ≤ i < n〉 of D
∗ generated by all Ai, 0 ≤ i < n. Also, its first and last factors
are A−1n and An−1 respectively.
Proof. We shall prove the Part (i). The proof of the Part (ii) is similar. In view of
Lemma 2.1, [ix,A0] ∈ Ni for all i; in particular, [nx,A0] ∈ Nn. Now, we prove by
induction on i > 0 the following properties:
(a) [ix,A0] ∈ 〈A1, · · · , Ai〉; and
(b) [ix,A0] has Ai and A
−1
i−1 as its initial and last factor respectively.
For any i > 0, we have
xAix
−1 = x(1 + a(i)x2n)x−1 = 1 + a(i+1)x2n = Ai+1, and
xA−1i x
−1 = (xAix
−1)−1 = A−1i+1 (1)
which implies
x〈A1, A2, · · · , Ai〉x
−1 ⊆ 〈A1, A2, · · · , Ai+1〉. (2)
We see that for i = 1, (a) and (b) are true in view of the following equalities:
[1x,A0] = (xA0x
−1)A−10 = A1A
−1
0 .
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Assume that (a) and (b) hold for 0 < i < n. We shall prove that they hold for
i+ 1. Indeed, by induction assumption and in view of (1), we have
[i+1x,A0] = [x, [ix,A0]] = (x[ix,A0]x
−1)[ix,A0]
−1 ∈ 〈A1, A2, · · · , Ai+1〉.
Also, [ix,A0] = AiBAi−1. So, in view of (1), it follows
[i+1x,A0] = x(AiBA
−1
i−1)x
−1(AiBA
−1
i−1)
−1
= (xAix
−1)xBA−1i−1x
−1Ai−1B
−1A−1i
= Ai+1xBA
−1
i−1x
−1Ai−1B
−1A−1i . Thus, (a) and (b) both hold for i+1,
and the proof is now complete. 
Let R be a ring and σ be an automorphism of R. The ring
R[[x, σ]] =
{
α =
∞∑
i=n
aix
i | n ∈ Z, ai ∈ R
}
consisting of formal Laurent series over R with the usual addition and the multi-
plication defined formally with the rule xa = σ(a)x is called a skew Laurent series
ring. Clearly, R[x, σ] is a subring of R[[x, σ]]. If R = K is a field, then K[[x, σ]] is a
division ring [17, Example 1.8] and K(x, σ) can be considered as a division subring
of K[[x, σ]] via obvious injection. In particular, we have the following remark.
Remark 2.4. If a ∈ K∗, then the element (1 + axm)−1 ∈ K(x, σ) can be written
in the form:
(1 + axm)−1 =
∞∑
i=0
(−1)iaixmi = 1− axm +
∑
i=2
bix
mi
in K[[x, σ]] with bi 6= 0 for all i ≥ 2.
Theorem 2.5. Let K be a field, and σ an automorphism of K with fixed subfield
E = {a ∈ K | σ(a) = a}. Assume that D = K(x, σ) is the quotient division ring of
K[x, σ], and at least one of the following conditions holds:
(i) There exists an element a ∈ K such that E(a, σ(a), σ2(a), · · · ) is infinitely
generated.
(ii) There exists an element a ∈ K\E which is algebraic over E.
If N is a subnormal subgroup of D∗ containing x, then N contains a non-abelian
free subgroup.
Proof. As in the proof of Lemma 2.3, for a ∈ K and i ∈ N, we denote a(i) = σi(a).
Consider a series of subgroups
N = Nn ⊳ Nn−1 ⊳ · · · ⊳ N0 = D
∗.
Without loss of generality, we can suppose that n ≥ 1 because if it is necessary, we
can put N1 = N0 = D
∗.
(i) Assume that there exists a ∈ K such that E(a(i) | i ∈ N) is infinitely gener-
ated. We shall prove that the elements [nx,A0], [n, A
−1
0 ] defined as in Lemma 2.3
generate a non-abelian free subgroup in N .
Firstly, we claim that the subset {yi = a
(i)x2n | 0 ≤ i ≤ n} generates a free
E-algebra. Indeed, deny the conclusion, that is, there exists a non-zero polynomial
F (z0, z1, · · · , zn) in the free E-algebra in n + 1 indeterminates z0, z1, · · · , zn such
that F (y0, y1, · · · , yn) = 0. We assume that
F (z0, z1, · · · , zn) = F1(z0, z1, · · · , zn)+F2(z0, z1, · · · , zn)+ · · ·+Fµ(z0, z1, · · · , zn),
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where Fℓ(z0, z1, · · · , zn) =
∑
j1+j2+···+jν=ℓ
αj1,j2,··· ,jνz
j1
ℓ1
zj2ℓ2 · · · z
jν
ℓν
is a homogeneous
polynomial of degree ℓ with coefficients in E for every 1 ≤ ℓ ≤ µ. Let s be a positive
integer such that Fs(z0, z1, · · · , zn) is non-zero (the existence of s is obvious since
F is non-zero). Observe that the degree of Fℓ(y0, y1, · · · , yn) in the indeterminate
x is 2nℓ, so F (y0, y1, · · · , yn) = 0 if and only if Fℓ(y0, y1, · · · , yn) = 0 for every
1 ≤ ℓ ≤ µ. In particular,
0 = Fs(y0, y1, · · · , yn) =
∑
j1+j2+···+jν=s
αj1,j2,··· ,jνy
j1
ℓ1
yj2ℓ2 · · · y
jν
ℓν
.
After moving all coefficients to the left and the indeterminate x to the right, one
has
Fs(y0, y1, · · · , yn) =
∑
j1+j2+···+jν=s
αj1,j2,··· ,jν bj1,j2,··· ,jνx
2ns,
where bj1,j2,··· ,jν = a
(j1)a(j1+2n) · · · a(j1+2(j1−1)n)a(j2+2j1n) · · ·
· · ·a(j2+2j1n+2n) · · · a(jν+2(jν−1)n+2jν−1n+···2j1n).
This implies that
∑
j1+j2+···+jν=s
αj1,j2,··· ,jν bj1,j2,··· ,jν = 0. Since every coefficient
bj1,j2,··· ,jν belongs to S, by Lemma 2.2, αj1,j2,··· ,jν = 0 which contradicts to the
assumption that Fs(z0, z1, · · · , zn) is non-zero.
Next, we show that the set {Ai = 1 + yi | 0 ≤ i ≤ n} generates a free subgroup
in (K(x, σ))∗. Assume that there is a relation
An1i1 A
n2
i2
· · ·Antit = 1,
where 0 ≤ ij < n and all nj 6= 0. We seek a contradiction by describing the
representation of this relation in K[[x, σ]]. First of all, we need to know the rep-
resentation of Aji in K[[x, σ]] with j ∈ Z
∗. If j > 0, then Aji is a polynomial in
K[x, σ] ⊆ K[[x, σ]], so we can write Aji = 1 + yi + A
′
i in which either A
′
i = 0 (in
case j = 1) or the degree of A′i is greater than 2n (in the indeterminate x). If
j < 0, then by Remark 2.4, one has A−1i = 1 − yi + y
2
i + · · · ∈ K[[x, σ]]. Hence, if
char(D) = 0, then Aji = 1 − yi + A
′
i where A
′
i is a series in K[[x, σ]] whose degree
of the first term is greater than 2n. If char(K) = p > 0, then we write j = pλj1
with (p, j1) = 1. Observe that
Aji = (1− yi + y
2
i + · · · )
j = ((1 − yi + y
2
i + · · · )
pα)j1
= (1− yp
α
i + y
2pα
i + · · · )
j1 = 1 + j1y
pα
i +A
′
i,
where, A′i is a series in K[[x, σ]] whose degree of the first term is greater than 2np
α.
Hence, in all cases, Aji can be written as A
j
i = 1 + biy
ci
i +A
′
i where ci ∈ N, bi ∈ E
and A′i is either 0 or a series in K[[x, σ]] whose degree of the first term is greater
than 2nci. Therefore, the relation A
n1
i1
An2i2 · · ·A
nt
it
= 1 will be written in K[[x, σ]]
as follows:
(1 + b1y
c1
i1
+A′i1 )(1 + b2y
c2
i2
+A′i2 ) · · · (1 + bty
ct
it
+A′it) = 1,
where ci > 0 and bi ∈ E
∗. After expanding the left side, we see that there is a
unique product b1y
c1
i1
b2y
c2
i2
· · · bty
ct
it
= b1b2 · · · bty
c1
i1
yc2i2 · · · y
ct
it
, hence, this product is
0 which is a contradiction since {y0, y1, · · · , yn} generates a free E-algebra. Thus,
{Ai = 1+ yi | 0 ≤ i ≤ n} generates a free subgroup in D = K(x, σ). As a corollary,
[nx,A0], [nx,A
−1
0 ] ∈ 〈Ai | 0 ≤ i ≤ n〉 generates a free subgroup in N by Lemma 2.3.
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(ii) Assume that a ∈ K\E and a is algebraic over E. Note that σ(a) is also
algebraic over E because E is the fixed field of σ. By induction, it is easy to see
that a(i) = σi(a) is algebraic over E for any i ∈ N. In view of Part 1, we can
assume that E(a(i) | i ∈ N) is finitely generated. This implies that K/E is a finite
extension, so the Galois group Gal(K/E) is finite. If d is the order of σ, then we
have xdb = σd(b)xd = bxd for any b ∈ K. Hence, xd belongs to the center Z of
K(x, σ). It follows that every element of K(x, σ) can be written in the form
α1 + α2x+ · · ·+ αd−1x
d−1,
with αi ∈ Z. This means that K(x, σ) is a finite dimensional vector space over Z.
By [7, Theorem 2.1], N contains a non-abelian free subgroup. 
3. The existence of free subgroups in D(x, y)∗
Let D be a division ring with center F . Assume that x, y are two commuting
indeterminates and they also commute with all elements from D. We denote by
D(x, y) the division ring of fractions of the polynomial ring D[x, y] = D[x][y] in
x, y over D; by R = D[x][[y]] the power series ring in y over the polynomial ring
D[x]. Let N be a subnormal subgroup of D(x, y)∗ and assume that there exist
non-commuting elements a, b ∈ N ∩D such that c = b−1ab commutes with a.
Let D[[y]] and x act on R by left multiplication and via right multiplication by a
respectively, that is f(y) ·α = f(y)α and d ·x = xa for any f(y) ∈ D[[y]], α ∈ R, d ∈
D. With this left action, R is a left R-module. Assume that K is a commutative
subring of R containing a. Then, it is shown in [5] that R is an (R,K)-bimodule
(left R-module and right K-module). If M = 1K + bK is the right K-submodule
of R generated by {1, b} and S = {r ∈ R | r ·M ⊆ M}, then we can show that
(or see [8, Section 5]) M is a free right K-module with the basis {1, b} and S is a
subring of R containing K[[y]]. This implies that the map
φ : S → End(MK) ∼= M2(K), r 7→ φr ,
where φr : M → M,φr(m) = rm, for every m ∈ M , is a ring homomorphism.
Moreover, the image φa of a via φ is the matrix
[
a 0
0 c
]
. Now consider four
elements
d11 = b(ab− ba)
−1(bab−1 − x);
d12 = (ab− ba)
−1(a− x);
d21 = −b
2(ab − ba)−1(bab−1 − x);
and
d22 = b(ab− ba)
−1(a− x).
Then, we have d11, d12, d21, d22 ∈ S and
φd11 =
[
1 0
0 0
]
;φd12 =
[
0 1
0 0
]
;φd21 =
[
0 0
1 0
]
; and φd22 =
[
0 0
0 1
]
.
We also conclude (or see [8, Section 5]) φ(y) =
[
y 0
0 y
]
, hence, both 1 + yd12
and 1 + yd21 are invertible in S and the images of 1 + yd12 and 1 + yd21 via φ are
φd12 =
[
1 y
0 1
]
and φd12 =
[
1 0
y 1
]
respectively.
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Lemma 3.1. For any n ≥ 1, there exists u ∈ S such that u is invertible in S and
the image of u via φ is
φ(u) =
[
1 + (1− a−1c)n+1y (1− a−1c)n+1y
−(1− a−1c)n+1y 1− (1− a−1c)n+1y
]
.
Proof. The element u is constructed by modifying the construction of w in [8,
Proposition 5.8]. Let K0 = F [a, a
−1, c, c−1] be the subring of D generated by
{a, a−1, c, c−1} and K = K0[[y]] be the subring of D[[y]][x] generated by all series
in indeterminate y whose coefficients are in K0. We have[
1 + (1 − a−1c)n+1y (1− a−1c)n+1y
−(1− a−1c)n+1y 1− (1− a−1c)n+1y
]
= I2 + (a
−1c)n+1y
[
1 1
−1 −1
]
= I2 + φ(y)(1 + a
−1c)n+1(φ(d11) + φ(d12)− φ(d21)− φ(d22)).
According to [8, Lemma 5.7], for every 1 ≤ i, j ≤ 2 and for every f ∈ F0, there exists
an element f ′ ∈ S ∩D[x] such that φ(f ′) = fφ(dij), which implies that there exists
an inverse element u ∈ S of I2+φ(y)(1+a
−1c)n+1(φ(d11)+φ(d12)−φ(d21)−φ(d22)).
Thus, φ(u) =
[
1 + (1− a−1c)n+1y (1− a−1c)n+1y
−(1− a−1c)n+1y 1− (1− a−1c)n+1y
]
. 
The following lemma is the key result in this section.
Proposition 3.2. Let D be a division ring, D(x, y) the quotient division ring of the
polynomial ring D[x, y] in two commuting indeterminates x, y and N a subnormal
subgroup of D(x, y)∗ with a series of subgroups
N = Nn ⊳ Nn−1 ⊳ · · · ⊳ N0 = D
∗.
Assume that a ∈ N ∩D and b, c ∈ D with ab = bc, a 6= c and ac = ca. Let u be the
element in Lemma 3.1. Put
v = [na, 1 + y(ab− ba)
−1(a− x)] and w = [na, 1− yb
2(ab− ba)−1(bab−1 − x)].
(1) If char(D) = 0, then v, w generates a free subgroup in N .
(2) If char(D) > 0, then [nv, u] and [nw, u] generates a free subgroup in N .
In particular, N contains a non-abelian free subgroup.
Proof. Let F be the center of D, K0 = F [a, a
−1, c−1] the subring of D generated by
{a, a−1, c, c−1} and K = K0[[y]] F1 = F0[[y]] the subring of D[[y]][x] generated by
all series in indeterminate y whose coefficients are inK0. Let d12 = (ab−ba)
−1(a−x)
and d21 = −b
2(ab − ba)−1(bab−1 − x). Then, 1 + yd12, 1 + yd21 is invertible in S
and v = [na, 1 + yd12] and w = [na, 1 + yd21].
1. Assume that char(D) = 0. By Lemma 2.1, v and w belong toN . We may show
by inductive on n that the image of v and w via φ are φv =
[
1 (1− ac−1)ny
0 1
]
and
φw =
[
1 0
(1− ac−1)ny 1
]
respectively. Observe that (φv−1)
2 = (φw−1)
2 = 0 and
(φv−1)(φw−1) =
[
(1− ac−1)2ny2 0
0 0
]
is not algebraic over Q, so that according
to [8, Lemma 5.3], φv =
[
1 (1 − ac−1)ny
0 1
]
and φw =
[
1 0
(1− ac−1)ny 1
]
generates a free subgroup in GL2(K). Hence, v are w, the inverse images of these
matrices, generates a free subgroup in N .
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2. Assume that char(D) = p > 0. Put α =
[
0 (1− ac−1)n
0 0
]
and β =[
0 0
1 0
]
. Then, α2 = β2 = 0, and βα =
[
0 0
0 (1− ac−1)n
]
is not nilpotent.
Hence, by [8, Lemma 5.2],
φv = 1 + yα, φw = 1 + yβαβ and φu = 1 + y(1− β)αβα(1 + β)
generates the subgroup of GL2(K) isomorphic to the free product Cp∗Cp∗Cp, where
Cp is the cyclic group of order p. Therefore, {u, v, w}, the set of inverse images of
these matrices, also generates the subgroup 〈u, v, w〉 of S∗ which is isomorphic to
the free product Cp ∗Cp ∗Cp. Observe that both [nv, u] and [nw, u] are in N since
v, w ∈ N (Lemma 2.1 and Part 1). Applying Lemma 2.1 (3) and (4), we conclude
that [nv, u] and [nw, u] generates a free subgroup in N . 
4. A subnormal subgroup containing a solvable subgroup
Theorem 4.1. Let D be a division ring with center F , and assume that N is a sub-
normal subgroup of D∗ containing a non-abelian solvable subgroup. If transcendence
degree of F over the prime subfield P is infinite, then N contains a non-abelian free
subgroup.
Proof. Assume that H is a non-abelian solvable subgroup of N , so H(n) = 1 for
some n > 1. Without loss of generality, we can assume n = 2 because if n > 2, we
can consider the subgroup H(n−2) instead of H . Therefore, the derived subgroup
H ′ is abelian. Put
S =
{
H ′ ≤ A ≤ H | A abelian
}
.
Let G be a maximal element in S (there exists such a G by Zorn’s Lemma). Then,
G is an abelian normal subgroup of H . Take a ∈ H\G and K = P(G). Then, K is
a field and aKa−1 = K. It follows that the subring K[a] of D generated by K∪{a}
can be written in the form
K[a] =
{ n∑
i=0
a0 + a1a+ · · ·+ ana
n | n ∈ N, a0 ∈ K
}
.
Also, the map σ : K → K defined by σ(b) = aba−1 for every b ∈ K is an automor-
phism of K. Consider the homomorphism
Φ: K[t, σ]→ K[a],
n∑
i=0
ait
i 7→
n∑
i=0
aia
i,
where K[t, σ] is the skew polynomial ring in an indeterminate t over K correspond-
ing to σ. It is obvious that Φ is a surjection. If ker(Φ) 6= 0, then ker(Φ) = 〈f(t)〉
is generated by polynomial f(t) ∈ K[t, σ]. Therefore, K[a] ∼= K[t, σ]/〈f(t)〉 is
a finite dimensional vector space over K. This implies that K[a] is a division
subring and by [1, Lemma 1], it is centrally finite. Note that N ∩ (K[a])∗ is a
non-central subnormal subgroup of (K[a])∗ because a ∈ N ∩ (K[a])∗. Hence, by
[7, Theorem 2.1], N ∩ (K[a])∗ contains a non-abelian free subgroup. Now, assume
that ker(Φ) = 0. Then, Φ is isomorphism, so Φ can be extended naturally to
the isomorphism Φ : K(t, σ) → K(a). Let K1 be the subfield of K generated by
{σi(a) | i ∈ Z}. Then, the restriction of σ on K1 is the isomorphism of K1. There-
fore, K1(t, σ) is a division subring of K(t, σ). Put M1 = Φ(N) ∩K1(t, σ). Then,
M1 is a subnormal subgroup of K1(t, σ)
∗ containing t.
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If K1/P is infinitely generated, then by Theorem 2.5, M1 contains a non-abelian
free subgroup. If K1/P is finitely generated, then trdeg (K1/P ) is finite. But
trdeg (F/P ) = ∞ implies the existence of elements x, y ∈ F such that x, y are
algebraically independent over P. By [5, Lemma 7.1], x, y are also algebraically
independent over K(a). Then, M = N ∩ K(a)(x, y)∗ is a non-central normal
subgroup of K(a)(x, y)∗ because a ∈ M . By Proposition 3.2, M contains a non-
abelian free subgroup. The proof of the theorem is now complete. 
It is well known that every uncountable field has infinite transcendence degree
over its prime subfield, so the proof of following corollary is elementary.
Corollary 4.2. In a division ring D with uncountable center, every subnormal
subgroup of D∗ containing a non-abelian solvable subgroup contains a non-abelian
free subgroup.
Theorem 4.3. Let D be a division ring with center F . Assume that N is a
subnormal subgroup of D∗ containing a non-abelian solvable subgroup H. If H
is algebraic over F , then N is contains a non-abelian free subgroup.
Proof. Let n be the derived length of H , that is, n is the smallest positive integer
such that the n-th derived subgroup H(n) = 1. Since H is non-abelian, n ≥ 2. Put
G = H(n−2). Then G is a non-abelian metabelian subgroup. Set
ℜ = {A | G′ ≤ A ≤ G and A is abelian }.
By Zorn’s Lemma, there exists a maximal element in ℜ, say M . Then, M is an
abelian normal subgroup of G. Put K = F [M ] and fix an element a ∈ G\M .
Clearly, a normalizes K, that is, aKa−1 = K and the set L =
∑
i∈NKa
i is a
subspace of the left vector space D over a field K. By the fact that a is algebraic
over F , it is easy to see that L ⊆
∑m
i=0Ka
i for some positive integer m. Moreover,
it is easy to that aKa−1 = K, which implies that L is a division subring of D and
finite dimensional left vector space over K. By Zorn’s Lemma, K is contained in
some maximal subfield K1 of L, so L is a finite dimensional left vector space over
K1, and in view of [17, (15.8)], L is centrally finite. Let N1 = N ∩ L. Then N1 is
non-abelian subnormal in L∗. Therefore, N1 contains a non-abelian free subgroup
by [7, Theorem 2.1]. 
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